We define a renormalized characteristic class for Einstein asymptotically complex hyperbolic (ache) manifolds of dimension 4: for any such manifold, the polynomial in the curvature associated to the characteristic class χ − 3 τ is shown to converge. This extends a work of Burns and Epstein in the Kähler-Einstein case. The invariant we obtain is related to the topological number χ − 3 τ and to contributions depending only on the CR structure at infinity.
Introduction
In [BE90] , Burns and Epstein showed that, for complete Kähler-Einstein metric on bounded domains in C m or in a Kähler manifold, the local integrands of some (precisely known) combinations of the Chern classes had convergent integrals, thus providing interesting invariants of bounded domains. In some cases, they were also able to compute renormalized Chern-Gauss-Bonnet formulas by relating the total integral of such characteristic polynomials with the expected characteristic numbers and some invariants of the CR-structure at infinity.
For instance, in (complex) dimension m = 2, the integral of the characteristic polynomial 3 c 2 − (c 1 ) 2 (1.1) in the curvature tensor R of the complete Kähler-Einstein metric of a pseudoconvex domain Ω in C 2 is shown to converge, and it is the only one to behave this way. Moreover, one can prove that
where χ is the Euler characteristic and µ is the Burns-Epstein invariant of the CR-structure of ∂Ω [BE88] .
In [Biq00] , the first author showed that a lot of not necessarily integrable CRstructures on odd-dimensional spheres S 2m−1 (including a neighborhood of the standard structure) may be filled in by complete Einstein metrics on the ball B 2m . Spheres of (real) dimension 3 (i.e. m = 2, as above) have the special feature that there is no integrability condition for CR-structures. However, it is well-known that a lot of such structures, even in the neighborhood of the standard one, cannot be obtained as the boundary of a complex domain (see [Lem92, Eps92, Bla94] for a description of which CR structures are fillable), and hence, even in this dimension the Einstein metrics found by the first author cannot be reduced to the classical complete Kähler-Einstein metrics of pseudo-convex domains [CY80] .
Nevertheless, the integrability of the CR structure at infinity supports the idea that, in (real) dimension 2m = 4, the asymptotically complex hyperbolic Einstein metrics (ACHE, in short) of [Biq00] should retain some of the features of the Kähler situation. In this paper, we show that this is indeed the case as far as renormalized characteristic classes are concerned. More precisely, for any asymptotically complex hyperbolic Einstein manifold (M, g) of (real) dimension 4, the special combination of the norms of various parts of its curvature 1 8π 2 3 |W − | 2 − |W + | 2 + 1 24
Scal 2 (1.3) has convergent integral. Of course, this is the integrand of the characteristic class χ − 3τ (where χ is the Euler characteristic and τ the signature) which, in Kähler-Einstein geometry, may be rewritten as 3c 2 − (c 1 ) 2 . Thus, our main result reads:
1.1. Theorem. Let (M, g) be an asymptotically complex hyperbolic Einstein manifold of dimension 4. Then 1 8π 2 M 3 |W − | 2 − |W + | 2 + 1 24 Scal 2 (1.4) converges, and provides an invariant of the asymptotically complex hyperbolic Einstein metric, which we call the Burns-Epstein invariant of g.
Furthermore, one can hope to relate its values to the characteristic numbers and to some invariants of the CR-structure of the boundary at infinity ∂ ∞ M. As a first step in this direction, we prove: The value of the characteristic integral is certainly related to the Burns-Epstein invariant µ(∂ ∞ M) of the CR manifold at infinity, since, in the Kähler-Einstein case, Burns and Epstein [BE90] calculated in a lot of cases the integral in terms of this invariant of the boundary, see (7.19) . Doing this in full generality raises technical as well as theoretical difficulties, and we shall return to this question in a sequel to this paper. Once this issue has been settled, our theorem will stand as an analogue of the signature formula proven by N. Hitchin for asymptotically real hyperbolic Einstein metrics in dimension 4 [Hit97] . A not-so-close analogue is the Gauss-Bonnet formula discovered by M. T. Anderson in the real case, which includes a contribution of the so-called renormalized volume, a non-local interior contribution [And01] .
The situation is by far less clear in higher dimension, as there is less proximity between the general asymptotically complex hyperbolic case and the very special Kähler-Einstein situation. If renormalized characteristic classes were to exist, it seems difficult to extend the methods of proof used in this paper to that case, as they use heavily the integrability of the CR-structure at infinity and the connection this implies with complex geometry.
The paper is organized as follows. In section 2, we study the asymptotics of an asymptotically hyperbolic metric, various adapted connections and their curvatures. This is used to refine our model at infinity, using Kähler geometry: in section 3, given a CR-structure on any manifold X 3 , we construct a formal complex structure on a neighborhood S 3 ×]1, +∞[ of infinity in M (this is probably well-known but we have been unable to find any precise reference). Then, together with a Fefferman-Lee-Melrose procedure, we produce on an annular neighborhood of infinity a metricḡ which is Kähler-Einstein metric up to a high order. In section 4, we compare an arbitrary asymptotically complex hyperbolic Einstein metric g with the approximate Kähler-Einstein metricḡ built in the previous sections from the same CR-structure at infinity. Up to gauge modification (action of the diffeomorphism group), the former is shown to be a good approximation of the latter, up to a precise order; this is done in section 5. A useful output may be the explicit derivation of all the formally determined terms in the asymptotic expansion of an asymptotically complex hyperbolic Einstein metric in dimension 4.
Unfortunately, this is not good enough to show that the characteristic polynomial (1.3) in the curvature of g has convergent integral since the highest-order term in the difference between g andḡ might cause divergence. In section 6, we show that the integrals converge by a direct method. The Einstein condition implies thatboth half-Weyl tensors are harmonic. Thus, its negative part has fast enough decay to imply convergence of the |W − | 2 -term, whereas the positive part can be compared to the positive part of the neighboring approximately Kähler-Einstein metricḡ. As |W + | 2 − 1 24 Scal 2 vanishes at least to high order for such a metric, the integral of the same term for g can be shown to converge.
In the following section 7, we attack the task of computing the value of the integral. We transform it into a boundary integral by using the formulas for characteristic classes of manifolds with boundary and we consider the effect of the highest order term in g −ḡ. Although it might contribute in the limit at infinity, a careful computation shows it is not the case. Our main result is then that the boundary term may be computed by using the formal Kähler-Einstein metricḡ rather than the asymptotically complex hyperbolic Einstein metric g. The invariant is then a sum of a topological term and a term formally determined by the structure at infinity, as in the work by Burns and Epstein [BE90] in the Kähler-Einstein case.
Notations. We shall consider hereafter noncompact Riemannian manifolds (M, g). Their covariant (Levi-Civita) derivatives on any tensor bundle will be denoted by the symbol ∇ and the Riemann, Ricci and scalar curvatures by R g , Ric g and Scal g (the superscript being sometimes dropped if there is no possible confusion). The sign convention on curvature is as follows
The divergence ∇ * = − tr ∇ is the adjoint of ∇, and the (rough) Laplacian operator on functions or tensors is then ∆ g = ∇ * ∇. Last, a crucial ingredient in our study is the action of the Riemann curvature on symmetric tensor fields given by
Asymptotics of ACH metrics
On the 3-sphere S 3 ⊂ R 4 , we denote by η 0 the standard contact form, and γ 0 the metric induced on the contact distribution ker η. The complex hyperbolic metric on CH 2 , with holomorphic sectional curvature normalized to −1, is given in polar coordinates by
More generally, given any pseudo-convex CR-structure on a 3-manifold X 3 , a choice of compatible contact form η induces a choice of metric γ(·, ·) = dη(·, J·) ; from this one can build an asymptotically complex hyperbolic metric on a neighborhood M = [R, ∞) × X of X, g = dr 2 + e 2r η 2 + e r γ.
(2.2)
As explained in [Biq00, I.1.B], the curvature of g is approximated by the curvature of g CH 2 up to order O(e −r/2 ). This motivates the terminology asymptotically complex hyperbolic metric (ACH in short); a more general and precise definition will be given at the end of the current section. Note here the order O(e −r/2 ) instead of O(e −r ) in [Biq00], because we have normalized the holomorphic sectional curvature to −1 instead of −4.
We will need later some calculations on the asymptotics of the metric g. We let R be the Reeb vector field of the contact form η, defined by R η = 1, R dη = 0, and consider some unit vector field h in the contact distribution H = ker η. The CR-structure yields an almost complex structure J on H, which can be extended to an almost complex structure on M by taking J∂ r = e −r R. We may then consider an adapted g-orthonormal frame (∂ r , e −r R, e −r/2 h, e −r/2 Jh). Finally, we denote by ∇ W the Webster connection on X determined by the choice of the contact form η. Its torsion induces a trace-free symmetric endomorphism of H,
We can extend the Webster connection to M as a g-unitary connection ∇ W by defining
2.1. Lemma. The Levi-Civita connection of g is ∇ = ∇ W + a, where a is a 1-form with values in the endomorphisms of T M defined in the g-adapted frame (∂ r , e −r R, e −r/2 h, e −r/2 Jh) by
2.2. Remark. The result of the previous lemma may be reexpressed in the following way:
where a 0 is a 1-form having the same coefficients as it has in CH 2 (in particular, a 0 commutes with J); the correction term a 1 depends on the torsion of the Webster connection. This stands also true for all derivatives.
Proof. -The proof is a straightforward calculation, using the fact that, for an orthonormal frame (ξ i ), the Levi-Civita connection can be computed by the formula
All the brackets can be expressed in terms of the Webster connection and its torsion, since for h, h ′ ∈ H, one has
and the other components of the torsion are given by (2.3).
It is proven in [Biq00] that the curvature of g is approximated up to order O(e −r/2 ) by the curvature of the model space CH 2 ; therefore, Ric g = − 3 2 g + O(e −r/2 ), hence g is a first approximation solution to the Einstein equation. More is actually true: the correction term in lemma 2.1 is better than expected and decays like O(e −r ) instead of O(e −r/2 ). In order to see this, we first deduce from the previous Lemma:
2.3. Corollary. The Levi-Civita connection of g and the Webster connection are related by ∇ = ∇ W + a, with
where O(e −r ) is taken with respect to g. The same is true for all derivatives: they all are of order O(e −r ).
Proof. -From the decomposition (2.4) of a, the only thing to prove is ∇ W a 0 = 0. Actually one can give more intrinsic formulas for a 0 . Denote by g the hermitian product on T M induced by g and J, which is C-antilinear in its first variable. Then
and for any h ∈ H, (a 0 ) e −r/2 h ξ = 1 2 g(∂ r , ξ) e −r/2 h − g(e −r/2 h, ξ)∂ r .
Since J is parallel for ∇ W , it follows that a 0 is parallel too, and this ends the proof.
2.4. Corollary. The curvature of the metric g defined by (2.2) is approximated up to order O(e −r ) by that of the complex hyperbolic space ; in particular, one has
2.5. Remark. Actually one can compute explicitely the term of order e −r : it depends on the Webster scalar curvature and on the torsion. From this one may write down a first correction (at order e −r ) to g in order to get an approximate Einstein metric up to a better order. In section 5, we will prove an even better asymptotic expansion for g.
Proof.
-This is also a consequence of Lemma 2.1. Indeed, we can write the curvature of the Levi-Civita connection as
Notice first that F ( ∇ W ) actually reduces to F (∇ W ): since this is a smooth horizontal 2-form on the boundary, it means that, with respect to the metric g, we have
Secondly, using (2.4) and corollary 2.3, we get
where T W is the torsion of the Webster connection. Therefore, we conclude that
The form a 0 has constant coefficients equal to those of the model: the term a 0 (T W |H ) + 1 2 [a 0 , a 0 ] actually represents the curvature of CH 2 , hence this formula implies that the curvature of g is actually approximated by that of complex hyperbolic space up to order O(e −r ).
Laplacians. We close this section by another consequence of corollary 2.3. Given any tensorial bundle E on X, we may define on X the hypoelliptic laplacian
H is the restriction of the Webster connection to a covariant derivative only along H. For regularity questions, it is important to understand the commutation of this laplacian with the standard laplacian ∆ for the metric g on M.
Remark that, given the identification of M as = [R, +∞) × X, the operator H still makes sense as a second order differential operator on M.
Since M is asymptotically complex hyperbolic, the unit balls in M at infinity look like the unit balls in CH 2 , and this enables us to define in a standard way Hölder spaces C k,α for the metric g. We also need the weighted versions
Clearly, the laplacian for g defines an operator ∆ : C k+2,α δ → C k,α δ , and the tangential operator
2 , since the norm of h for the metric g is e r/2 . So we see that a priori, the bracket [∆, ] loses a weight 1. Actually this is not the case, as we shall see now.
-First it is clear that this bracket is only a third order differential operator, this explains the k + 3. It remains to understand why there is no loss on the weight: this is again a consequence of corollary 2.3. Indeed, in a g-orthonormal frame (ξ i ), the laplacian is
and we have the same formula for the operator , using the covariant derivative ∇ W and restricting the sum to a γ-orthonormal basis of H. Now, as in corollary 2.3, we can decompose
From lemma 2.1, we see that
so the bracket of with these terms in ∆ does send C k+3 δ to C k,α δ ; moreover, the control on ∇ W a means that in the bracket [∆, H ], all terms with a inside also preserve the weights. Therefore, the problem is reduced to analyzing the bracket [ ∆, H ], where ∆ is defined as in (2.5), but replacing ∇ by ∇ W , that is
and it follows that
The other terms of ∆ evidently satisfy the same commutation property with H , and this concludes the proof of the lemma.
General definition of ACH(E) metrics. We now close this introductory section with a general definition of the Riemannian manifolds which form the main objects of study of this paper. Let (X 3 , η, J) be a pseudo-convex CR manifold, with associated metric γ on the contact distribution. Any metric g on a 4-manifold M such that the complement of a compact set M −K is diffeomorphic to [R, +∞[×X and such that g − (dr 2 + e 2r η 2 + e r γ) ∈ C ∞ δ with δ > 0 will be called an asymptotically complex hyperbolic (ACH in short) manifold. Moreover, (M, g) is said to be ACHE if g is an Einstein metric. To avoid any confusion, we insist on the fact that ACHE metrics are actually solutions of the Einstein equations; the word 'asymptotic' in the definition only refers to the complex hyperbolic-like behaviour at infinity: each should look like complex hyperbolic space.
From now on and for sake of simplicity, we shall restrict ourselves to smooth ACH metrics induced by smooth CR structures at infinity, and weighted decay control on all derivatives, as it is the case in the definition above. This is because we know from the work of the first author [Biq00] that such metrics can be obtained on the ball from any smooth CR structure close to the standard structure on S 3 . This provides us with a very large set of metrics to which our results can be applied. Their domain of validity may likely be pushed further to include finite differentiability assumptions only, although this might require a slightly more technical treatment.
Approximately Kähler-Einstein metrics
Let us recall that any strictly pseudoconvex domain in C 2 bears in its interior a complete Kähler-Einstein metric: the Cheng-Yau metric [CY80] , whose asymptotics are similar to those of the complex hyperbolic metric (2.1). Fefferman [Fef76] has given a formal high order asymptotic expansion for such a metric, and Lee-Melrose [LM82] proved the complete asymptotic expansion.
More generally, given any CR-structure on a 3-manifold X 3 , we have at hand the asymptotically complex hyperbolic metric (2.2) of the previous section, given on a neighborhood [R, ∞) × X by g = dr 2 + e 2r η 2 + e r γ.
(3.1)
We will now modify this metric in order to get a Kähler-Einstein metric, at least up to a very high order. As in general X is not embedded in C 2 , we cannot use directly the Fefferman's formal construction. Therefore, we will need the following alternative statement.
3.1. Proposition. Given any CR manifold X 3 , one can construct in a neighborhood of X:
(i) a formal integrable complex structure J ;
(ii) a metric g, asymptotic to (3.1), and Kähler-Einstein with respect to J up to order e −3r .
Some explanations on the statement of the proposition are in order: the complex structure will be given as a formal series in e −r . However only the first terms will be used since we are interested only in finite order approximations; in this way, the metric g, or more precisely its Kähler form ω, will derive from a potential:
and only a finite number of terms of J are needed in order to calculate the finite order approximation.
The rest of the section is devoted to the proof of the proposition.
Construction of the complex structure. Denote by J 0 the complex structure on the contact distribution, and R the Reeb vector field associated to the contact form η. Moreover, let H 1,0 be the (1,0)-vectors in H and H 0,1 be the (0,1)-forms.
We consider now M = X ×[R, ∞), and we start from the initial almost complex structure on M defined by the formulas
We now seek a complex structure J differing from J 0 only on H: the difference is parameterized by a tensor φ ∈ H 0,1 ⊗ H 1,0 , such that
becomes, in terms of φ and an arbitrary vector h ∈ H 0,1 ,
0,1 . We perform the calculation at a point x ∈ X, where we suppose that ∇h(x) = 0 for the Webster connection, and therefore [R, h] = −T R,h , where T is the torsion of the Webster connection. As T R,· is anti-J 0 -linear on H and therefore defines a map H 0,1 → H 1,0 , we get
which we rewrite finally as
Now it becomes clear that we can solve (3.2) by a formal series φ = j 1 φ j e −jr . Indeed, suppose we have a solution up to order k − 1, then the r.h.s. of (3.2), computed for j<k φ j e −jr , is at least of order k, i.e. of the form j k e −jr ψ j , and we can solve the equation at order k by letting
An initial metric. We now construct an initial metric on M, using the potential
The associated metric is asymptotic to (3.1), since we get g 0 = dr 2 + e 2r η 2 + e r γ + O(e −r ).
A ∂∂-lemma. We now want to solve the Kähler-Einstein problem for a Kähler form ω 0 + i∂∂f . In order to do so, we first need the following lemma.
3.2. Lemma. For any (formal) (1, 1)-form ϕ such that dϕ = 0 and ϕ = O(e −kr ) for k > 0, there exists a (formal) real function F such that F = O(e −kr ) and ϕ = i∂∂F .
Proof. -As the result is not surprising, we will outline the proof only. First, by integration along the rays [R, ∞) × {x}, it is easy to find a (formal) 1-form α such that
is a convenient choice. The form α satisfies ∂α 0,1 = 0, therefore we look for a function f such that α 0,1 = ∂f (then F = i(f − f )). In CH 2 we would solve the equation along each disk generated by ∂ r and R near the boundary, and then use the integrability condition to prove that we have actually solved the whole equation. The same idea works in our context: write
where u j is a function and υ j ∈ H 0,1 . Formally we can solve the equation
Then it remains to prove that the integrability ∂α 0,1 = 0 implies actually ∂F = α 0,1 : as above, this is true because everything is zero on the boundary, and the detailed proof is left to the reader.
Construction of the metric. Denote by ρ = g(J·, ·) the Ricci form of a Kähler metric g. From the lemma, we deduce that there exists a function F = O(e −r ) such that
Now we can transform in a classical way the Kähler-Einstein problem:
which becomes the equation
whose linearization is the operator
Now the Laplacian ∆ has the asymptotic expansion
, where the O(e −r ) contains derivatives along X. The "indicial operator" for L is therefore − 1 2 (−∂ 2 r − 2∂ r + 3), and the critical weights δ (i.e. the δ's such that e δr is in the kernel of the indicial operator) are 1 and −3. One can now solve step by step equation (3.3) as was done for (3.2): indeed, the derivations along X as well as the nonlinear terms always give lower order terms, so that at each step we have only the linear problem L to solve. We deduce that we have a formal solution of (3.3) which is determined up to order 3:
Each term is formally determined by the data at infinity. In the special case where the CR-structure comes from the boundary of a strictly pseudoconvex domain in C 2 , this is exactly Fefferman's formal solution.
The metric ω + i∂∂f corresponding to the potential (3.4) now satisfies the conclusion of proposition 3.1.
3.3.
Remark. The formal resolution may be pushed further to get a solution for any arbitrary order of decay (see [LM82] for analogous considerations): f = f 1 e −r +f 2 e −2r +f 3 r e −3r +g 3 e −3r +g 4 e −4r + · · · However, starting from order 3, the coefficients g i (i 3) are formally undetermined and thus cannot be computed from the data on the boundary at infinity.
Putting the Einstein metric in an adequate gauge
The goal of this section is to prove that, starting with an asymptotically complex hyperbolic Einstein metric g on a manifold M 4 , with CR-structure (η, H, J 0 ) at infinity ∂ ∞ M = X 3 , one can approach it by an approximate solution of the Kähler-Einstein equations built in the previous sections.
Let (M, g) be an ACHE manifold in the sense explained at the end of section 2, so that g − dr 2 + e 2r η 2 + e r γ ∈ C ∞ δ . From the work done above, one may endow a collar neighborhood of infinity of the form X 3 ×]R, +∞[ in M with an (integrable at high order) almost complex structure, denoted by J. This provides us with an approximate Kähler-Einstein metricḡ, up to the order O(e −3 r ) (or even higher, as already noticed) such that g − dr 2 + e 2r η 2 + e r γ ∈ C ∞ 1 .
4.1. Lemma. Let g be an asymptotically complex hyperbolic Einstein metric and g any highly approximate Kähler-Einstein metric induced around infinity by the same CR-structure. Then, for R large enough, there exists a diffeomorphism ϕ of [R, +∞[×X inducing the identity at infinity such that g = ϕ * g satisfies Prop. I.4.6], there exists a unique diffeomorphism ϕ, approximated at infinity by the identity up to an element of regularity C k+1 and order O(e −δr ), such that δḡ ϕ * g + 1 2 d trḡ ϕ * g = 0 (4.1) and the Lemma is proved.
Together with the Einstein equation Ric g +6 g = 0 (which is of course preserved by the action of diffeomorphisms), g = ϕ * g is a solution of an elliptic non-linear system of equations, which might be written as
The final step of this section is then achieved by showing the 4.2. Proposition. The difference g −ḡ lives in the weighted space
4.3. Remark. As all arguments below will concern behavior at infinity only, one may consider (e.g. by interpolating between the classical complex hyperbolic metric andḡ) that both the reference metricḡ and the asymptotically complex hyperbolic Einstein metric g have nonpositive sectional curvature. This has the sole effect that g (hence g) solves the Einstein equation, or, equivalently, equation (4.2), up to a compactly supported perturbation only. This convention will be in order throughout the remaining parts of this paper.
Proof. -The linearization of the map Φḡ is computed in [Biq00, formula (I.1.9)] and reads: The isomorphism theorem shows then that g −ḡ lives in C k,α 2−ε for each (k, α) and any ε > 0.
High-order asymptotic expansion
The goal of this section is to improve the previous asymptotic expansion for an asymptotically complex hyperbolic Einstein metric g. In the previous section, we have shown that, up to diffeomorphism action, its expansion up to order e −(2−ε)r (ε > 0) is exactly the same as the one of the (approximately) Kähler-Einstein metricḡ. We shall now study what happens at order e −2r .
We denote by the same letter g the metric that was denoted by g in the previous section. Hence it satisfies the conclusions of Lemma 4.1 and Proposition 4.2.
In a first step, we need a regularity property for Laplace-type operators on tensor fields. This is applied to the linearized equation (4.3) and yields in a second step a precised asymptotic expansion of g.
Refined regularity properties. Let h = g −ḡ. From the previous section h lives in the weighted space C ∞ 2−ε for any (small) ε > 0. Using the notations of the previous section, this shows
and Φḡ(ḡ) may be taken in C ∞ δ with a very large δ (in section 3, we took δ = 3 but larger decays are easily performed as already noticed in Remark 3.3).
Moreover, it has been pointed out in section 2 (Lemma 2.6) that the commutator of the Webster Laplacian H and the metric Laplacian ∇ * ∇ of any ACH metric is O(1), i.e there is no loss in the weights.
Lemma. Let
Then the commutator [L, H ] is a continuous operator from C k+1 δ to C k δ . Proof. -The commutator of H and the 0-th order term in dḡΦḡ is a first-order operator in derivatives along X whose coefficients involve the first derivatives of the curvature. From Corollary 2.3, these are O(e −r ) and there is no loss on the weight.
(where the value of ε > 0 may vary from line to line). As the metricḡ is given by a series in e −kr (k ∈ N) with coefficients smooth in the boundary variables, so is Φḡ(ḡ) and any transverse derivative of it (along directions tangent to X) gains a weight 1 2 . From this and the commutation properties above, we get by the basic isomorphism Theorem of [Biq00, I.4.B]:
H h ∈ C ∞ 2−ε , (5.1) and more generally k H h ∈ C ∞ 2−ε for each k. This ensures that transverse derivatives of any order ∇ W · · · ∇ W h live in C ∞ 2−ε .
Precise asymptotics of asymptotically complex hyperbolic Einstein metrics. It results from the previous analysis that transverse derivatives (along X) of h = g −ḡ decay one order faster than radial derivatives. Hence h solves, for some ε > 0,
where A is a linear operator on symmetric bilinear forms, obtained as the dominant term in the asymptotic expansion of the Laplace operator and the 0-th order terms in (4.3). This follows from the work done in [Biq00, Section I.2]. The exact expression of A will be of no concern to our purposes; the following information is nonetheless crucial: from [Biq00, Section I.4.B], we know that the smallest eigenvalue of A is equal to 0 and eigenforms are the anti-J 0 -invariant symmetric bilinear forms on the contact distribution H, i.e. the quadratic forms k on T X such that k(R, ·) = 0, k(J 0 ·, J 0 ·) = − k(·, ·).
Elementary ordinary differential equations analysis now shows that there is a symmetric field k on X as above, such that
where ε is a positive number whose value is irrelevant here but which can be determined by looking at the remaining eigenvalues of the linear map A (the reader is warned that, in the norms associated to g orḡ, any term of the type k e −r with k defined on X is indeed of order e −2r ).
When injecting the precise asymptotic expansion of the Kähler-Einstein metric g, this yields 5.2. Corollary (asymptotic expansion). Let (M, g) be any asymptotically complex hyperbolic Einstein manifold of dimension 4 with CR-structure at infinity (η, H, J 0 ) on a 3-manifold X, andḡ the approximate Kähler-Einstein metric determined by the CR-structure. Then, up to a C k+1 -diffeomorphism inducing the identity at infinity, g has an asymptotic expansion of the form g =ḡ + k e −r + lower order terms where k is a anti-J 0 -invariant quadratic form on the contact distribution H. The value of k is formally undetermined. This is the asymptotic expansion promised in section 2. The reader has probably noticed that the term k e −r grows like e −2r .
Convergence of the integral
In this section, we prove the convergence of our integral for any ACHE metric. We will prove the convergence of two terms, the first involving only the antiselfdual Weyl tensor, the second one involving the selfdual Weyl tensor and the scalar curvature. In the Kähler-Einstein case, only the first term occurs and the proof simplifies considerably.
6.1. Lemma. If (M, g) is an ACH Einstein manifold, then |W − | = O(e −δr ) for any δ < 2. In particular,
Proof. -We use the fact that, for an Einstein metric, the Weyl tensor is harmonic as a 2-form with values in the endomorphism of T M, therefore We now restrict to the case of a harmonic antiselfdual form w with values in Ω 2 − on CH 2 . There is a Weitzenböck formula expressing the difference between the Laplacians ∇ * ∇ and (d ∇ ) * d ∇ + d ∇ (d ∇ ) * as an algebraic operator involving the curvatures of the manifold and of the bundle, see [BL81, theorem 3.10]; in our case, because W − (CH 2 ) = 0, the term involving the curvature of the basis vanishes and there remains only the term involving the curvature in the bundle,
where R(w) is the 2-form with values in the endomorphisms of T M given by
When w takes its values in Ω 2 − , only the antiselfdual part of the curvatures R ∇ e j ,X may give a nonzero result in the equality, which means that only the scalar curvature and W − are involved. Since again W − (CH 2 ) = 0, this means that we can calculate R using the constant sectional curvature tensor
Now an easy explicit calculation using (6.1) gives actually, for a section w of
Therefore we are reduced to looking at the Laplacian ∇ * ∇, but for this one the smallest eigenvalue λ of the zero order terms is always nonnegative, which now means that δ − 0 and δ + 2.
Since for an ACH metric, we certainly have |W − | = O(e −εr ), the lemma follows.
6.2. Remark. Actually one can get a better decay for W − , because it is a tracefree section of Sym 2 Ω 2 − . Indeed the eigenspace of the 0 eigenvalue for the zero terms of ∇ * ∇ acting on Sym 2 Ω 2 − is reduced to the identity; reducing to tracefree sections of Sym 2 Ω 2 − , one can prove that the smallest eigenvalue is now positive and therefore δ − < 0 and δ + > 2. In particular W − = o(e −2r ). (M, g) is an ACH Einstein metric, then
Lemma. If
Proof. -In the Kähler-Einstein case, one has identically |W + | 2 = 1 24 Scal 2 and there is nothing to prove. In the general case, we will use the fact, from corollary 5.2, that an ACH Einstein metric differs from an asymptotically Kähler-Einstein metricḡ up to a term of order e −2r , namely g =ḡ + k e −r +O(e −(2+ε)r ).
Because the volume grows like e 2r , we need to look only at terms of order at most e −2r . In particular, we can neglect the fact thatḡ is Kähler-Einstein only up to order e −3r for example. Because the term k e −r is only a small perturbation near infinity, the difference between the Weyl tensors of g andḡ depends on the difference g −ḡ by a linear part (the differential dḡW ) and a quadratic part which has a stronger decay. Therefore,
the lemma will be proved if we are able to prove that dḡ|W + | 2 (k e −r ) is O(e −(2+ε)r ). Also, because the metricḡ is ACH, it is sufficient to prove this for the standard case whereḡ is the Bergmann metric of CH 2 , the difference with the general terms giving only lower order terms.
The differential of the Weyl tensor is well-known, see for example [Gau93] . The deformation of the conformal structure is parameterized by the deformation of Ω 2 − , given by some u ∈ Ω 2 − ⊗ Ω 2 + , and
where (d ∇ ) * u ∈ Ω 1 ⊗ Ω 2 + , the operator d ∇ + is the projection of d ∇ on selfdual 2-forms, and Π is the projection Ω 2 + ⊗ Ω 2 + → Sym 2 0 Ω 2 + . We can now calculate explicitely this differential. Coming back to the calculation of the Levi-Civita connection in lemma 2.1, we use an orthonormal frame (e 1 , e 2 , e 3 , e 4 ) = (∂ r , e −r R, e −r/2 h, e −r/2 Jh).
We will use also the following basis of selfdual and antiselfdual 2-forms: ω 1 ± = e 1 e 2 ± e 3 e 4 , ω 2 ± = e 1 e 3 ∓ e 2 e 4 , ω 3 ± = e 1 e 4 ± e 2 e 3 . The tensor k is given is the basis (e 3 , e 4 ) by the tracefree symmetric matrix
Infinitesimal, the orthonormal basis (e j ) is transformed into (e 1 , e 2 , e 3 + e −2r (ae 3 + be 4 ), e 4 + e −2r (be 3 − ae 4 )).
Let us calculate the modification of Ω 2 − : the form ω 2 − becomes e 1 (e 3 + e −2r (ae 3 + be 4 )) + e 2 (e 4 + e −2r (be 3 − ae 4 )) = ω 2 − + e −2r (aω 2 + + bω 3 + ), and similarly ω 3 − is transformed into ω 3 − − e −2r (aω 3 + + bω 2 + ) and ω 1 − is unchanged; this means that the deformation k e −r of the metric translates into the tensor
. From lemma 2.1, an easy calculation gives us the higher order terms of the covariant derivatives of the ω ± 2 :
Using these formulas, we can calculate (d ∇ ) * u = − tr ∇u, keeping in mind that we can neglect derivatives along the boundary, because these give lower order terms: we get successively
Therefore it remains, because of the differentiation of e −2r with respect to r, (d ∇ ) * u = 2 tr e 1 u = 2 e −2r a(e 3 ω 2 + − e 4 ω 3 + ) + b(e 3 ω 3 + + e 4 ω 2 + ) . In a similar way, it is straightforward to calculate d ∇ + (d ∇ ) * u, still restricting to higher order terms, and we give only the result:
The important fact here is that d ∇ + (d ∇ ) * u lies in the orthogonal of
From this fact we finally deduce that
Remind that we want to prove the same property for dḡ|W + | 2 (k e −r ). To finish the proof, it remains to calculate the variation of |W + | 2 coming from the change of metric with respect to which we calculate the norm of W + given by (6.2), but this is an easy algebraic calculation which is left to the reader.
Towards the computation of the invariant
In the previous sections, we showed that the metric g differs from the approximate Kähler-Einstein metricḡ by a term of type k e −r plus lower order terms living in C ∞ 2+ε (ε > 0). Moreover, k is a section of the bundle of quadratic forms on the contact distribution H that are J 0 -antiinvariant, i.e. k(J 0 ·, J 0 ·) = − k(·, ·). (7.1) This was the key step to prove that the integral
Scal 2 (7.2) converges for any asymptotically complex hyperbolic Einstein metric g.
The goal of the present section is to make a few steps towards its computation. This appears as a difficult task, already when g is Kähler-Einstein, see [BE90] . We will prove below our second main result (Theorem 1.2), and give a few hints further.
Boundary terms of characteristic classes. It will be convenient to rewrite the integral (7.2) in terms of topological invariants together with boundary contributions. In order to do so, we shall need the formula relating the Euler characteristic and signature of a compact domain with boundary with the expected interior integral and local and non-local contributions of the boundary.
In the following formulas, R will always denote the curvature of the 4-dimensional manifold and, if D is a bounded domain in M, the second fundamental form of ∂D will always be defined as I = ∇n, n being the outer unit normal, and seen here either as a vector-valued 1-form (rather than as an endomorphism) or as a quadratic form. For 1-forms α and β, we let
. If µ and ν are forms with values in bundles E and F , we decide that µ ∧ ν is the obviously defined form with values in
The desired formula for the Euler characteristic reads:
where, in the right-hand side, curvature or second forms must be seen as 1-or 2-forms with values in vectors or 2-vectors. The signature formula includes a non-local boundary contribution η(∂D), known as the η-invariant:
where curvature is seen here as a 2-form with values in endomorphisms and the second form as a quadratic form.
Definition of the invariant at infinity ν(∂ ∞ M). From the formulas recalled above, our integral in a compact domain D r , whose boundary is the sphere S r = {r} × X, in the bulk manifold M can be written as the sum of a topological contribution χ(D r ) − 3τ (D r ) plus boundary integrals. As r goes to infinity, the characteristic numbers remain constant and our task will now be to study the as the sphere S r grows to infinity. Recall the tensor R in the above formula is the curvature of the bulk manifold and n is the unit normal vector ∂ r . We know from the previous section that this term converges, but we will show that the limit depends only on the CR-structure on the boundary. More precisely:
7.1. Theorem. Ifḡ is the asymptotically Kähler-Einstein metric associated to CR-structure on ∂ ∞ M, then one has lim r→∞ ν g (r) − νḡ(r) = 0.
In particular,
is an invariant which depends only on the CR-structure on the boundary at infinity.
Now we can state, as a consequence, the following result, proving theorem 1.2.
Corollary.
For any asymptotically complex hyperbolic Einstein metric g, inducing a CR-structure on the boundary at infinity ∂ ∞ M, one has
Proof of theorem 7.1. If we denote by B(g) the local boundary integrand in formula (7.7) computed with the metric g, we can write, for r large enough,
where, as usual, Q is a quadratic term, i.e. there exists a constant C > 0 and some ǫ > 0 such that, for any r large enough Q(g −ḡ) C e −(2+ǫ)r . (7.9) From the work by Burns and Epstein already quoted, the first two terms in the right hand side of (7.8) converge as they depend only on the (approximately) Kähler-Einstein metricḡ. Moreover, as |dvolḡ | = O(e −2r ), Q(g −ḡ) has integrals converging to zero, and we are now reduced to show that, under the above assumptions for g andḡ, lim r→∞ Sr (dḡB)(g −ḡ) + 3(dḡη)(g −ḡ) = 0. (7.10) This will yield the proof of Theorem 7.1 (the reader can easily convince himself by a straightforward computation that the boundary integral (7.7) forḡ only depends on the formally determined terms in the asymptotic expansion ofḡ as the formally undetermined terms are always O(e −3r ) and thus do not contribute at infinity).
The computations will be broken into two parts. We consider first the case of the η-invariant. 7.3. Lemma. One has lim r→∞ (dḡη)(g −ḡ) = 0.
Proof. -The first variation of the η-invariant is the integral of a local quantity given by the scalar product of the metric variation g −ḡ against a quadratic form tḡ depending on the third derivatives of the metricḡ [APS76]:
(dḡη)(g −ḡ) = Sr tḡ, g −ḡ dvol (Sr,ḡ) . (7.11) However, sinceḡ is asymptotically complex hyperbolic and g −ḡ is of order O(e −2r ), the only terms that will contribute at infinity are k e −r (k as in section 5; recall this term is O(e −2r )) and the highest order terms ofḡ and dvol (Sr,ḡ) . As explained in Remark 2.2, these terms have exactly the same coefficients in a basis adapted to the CR-structure as they would have in the complex hyperbolic space CH 2 . Furthermore, the distance spheres are homogeneous under U(2) in the complex hyperbolic space, hence is any curvature quantity as t CH 2 . This implies that the restriction of tḡ to the contact distribution H at each point of S r should be (at first order) a multiple of γ. Its scalar product with k then vanishes and the lemma is proved.
We now manage the local terms in formula (7.10).
Lemma. One has lim
r→∞ Sr (dḡB)(g −ḡ) = 0.
Proof. -For sake of simplicity, let h = g −ḡ. The first step is provided by the (obvious) computation:
Sr S(I(·, (dḡR)(h)ḡ .,. n) (7.12) (note that the unit normals n to the spheres S r do not change when passing from g to g). As in the proof of Lemma 7.3, decay considerations show that it is enough to treat every occurrence of h as k e −r and to compute every term inḡ at highest order. Equivalently, one can consider thatḡ is the standard complex hyperbolic metric and k is a J 0 -antiinvariant quadratic form on the contact distribution of the standard structure. Let p be a point in X. Using an adapted frame x = e − r 2 X, y = e − r 2 J 0 X, u = ∂ r , v = e −r R (7.13) for dr 2 + e 2r η 2 + e r γ (see section 2), one may now diagonalize k at ]R, +∞[×{p} as
with f a real number (depending only of the point p on the boundary at infinity ∂ ∞ M = X) and musical isomorphisms defined as usual.
We shall now show that each of the integrands in formula (7.12) contributes pointwise as 0 in the limit. Two of them are handled easily:
(i) the map T depends only on the volume form. Since k is tracefree, the first variation of T vanishes.
(ii) the variation of the second fundamental form (up to highest order term) is given by − 1 2 e −r k. An easy computation shows that all the terms involving (dḡI) contribute as zero (as ∂ r is the normal to the geodesic spheres for the model space as well as the modified metric, the variation of the second fundamental form only depends on the behavior of k along the ray ]R, +∞[×{p}).
It remains to study the terms containing first variations of the curvature. Since these terms deserve slightly more attention, we shall devote the whole next subsection to their study.
First variation of the curvature of the complex hyperbolic space. Using formulas 1.174 from the book by Besse [Bes87] , one may compute the first variations of the complex hyperbolic covariant derivative and curvature. If h is a metric variation, and the curvature R is seen as a 2-form with values in endomorphisms,
. In the following computations as in the previous formulas, we suppress any reference to the metric where we differentiate, which can be taken here to be the model complex hyperbolic space: as a matter of fact, we are interested only in highest order terms, which equal the model terms. One may then use the computations of the Levi-Civita connection ∇ or curvature R of the complex hyperbolic space done in section 2 and keep the highest order terms only.
Let the variation h be k e −r given at the point p of computation in a diagonalizing basis by (7.14). In the neighborhood of ]R, +∞[×{p}, k is no more a diagonal tensor but rather assumes the following form on (e −r/2 X, e −r/2 J 0 X):
where f, g are smooth functions on the boundary ∂ ∞ M, and g is zero at p. When taking derivatives below, we will be interested in highest order terms only: we may then forget all derivatives of the functions f and g, as they are lower order. As g(p) is zero, we may also forget the derivatives of the non-diagonal (x ⊗ y or y ⊗ x) terms in k (it is important here to remark that the expected output of our computation is the pointwise vanishing of each integrand in formula (7.12), thus granting our right to focus on the result at the point p only). Moreover, we may also assume that the vectors u = ∂ r , v = e −r R, x = e −r/2 X and y = e −r/2 J 0 X are parallel at the chosen point p for the extended Webster connection ∇ W . An easy but lengthy computation following the rule given above yields: We now have to compute the variation of the curvature tensor, following the expression given at the beginning of this subsection. As above, one may again work at the point p where u, v, x and y are parallel. As second derivatives enter the picture, we have to take care of the possible terms involving the non diagonal part of k. However, these are negligible again: either they involve derivatives of g and are automatically lower order or g itself is present and these terms turn to be zero when evaluated at p. Once again, we emphasize here the fact that all the highest-order terms computed below will vanish pointwise for purely algebraic reasons, so that only the pointwise behavior is relevant. A lengthy and slightly painful but elementary computation leads to the first variation of the curvature. We skip here the computations (which are completely elementary but more than tedious) and give only the result: keeping the same notations (u, v, x, y) for the diagonalizing basis as above, and forgetting for a moment the difference between forms and vectors, the highest order term in the variation in the direction given by h of the curvature (seen as an endomorphismvalued 2-form) is given by: where, as above, tensor product signs in the second parenthesis of each term have been suppressed. We are now in position to get a reward for all this efforts by being able to study the two remaining terms in formula (7.12):
(i) we begin by computing the very last term. From formula (7.18), we get at highest order: (ii) the last term is slightly more complicated to handle as we must remember that T acts on vector-valued forms. We derived above the variation of the curvature tensor R seen as an endomorphism-valued 2-form, so that an extra computation is needed to take into account the variation of the musical isomorphism transforming it into a bivector-valued 2-form R: where g 0 and R here refer to the complex hyperbolic metric and . means the musical isomorphism has been applied to the term appearing under it. One may then estimate at highest order:
T (I ∧ (d R)(h)) = T I ∧ (dR)(h) + 1 2 S ( x., ⊗ R .,.,y,v + y., ⊗ R .,.,x,v ) .
Replacing with the explicit expression of curvature on the model space yields
From a last careful computation (which the reader can check for himself), this term is seen to be zero. This finishes the proof of Lemma 7.4.
Computation of renormalized classes. The previous result does not give the computation of the integral in full generality, since the definition of the invariant ν(∂ ∞ M) is still implicit. Fortunately, in the Kähler-Einstein case, Burns and Epstein [BE90] have identified the boundary term as their invariant µ of the CR-boundary, so that in this case one has 2 + ν = 3 µ. (7.19) Let us say here a few words about their proof: the convergence property of the integral only depends on a finite number of terms in the Fefferman-Lee-Melrose asymptotic expansion, actually, the formally determined ones. More precisely, they use a potential for the Kähler-Einstein metric near the boundary, and the fact that this potential satisfies Fefferman's equation simplifies considerably the calculations leading to the identification of the boundary term with the invariant µ of the boundary.
In our situation, it is tempting to say that the same will work, and that the relation 2 + ν = 3µ will hold true in general, since we can perform each calculation with the approximate Kähler-Einstein metricḡ, and we have an asymptotic expansion similar to Fefferman's formal expansion. However, implementing this idea into a completely rigorous proof would involve finding an alternative to the use of complex coordinates by Burns and Epstein in their calculations. This is an unclear issue that we didn't want to develop here. As a result, we will come back to this question of determining ν, as well as understanding the general case when the Burns-Epstein invariant µ is not defined, in a sequel to this paper.
